
COOU Journal of Physical ciences 3(1), 2020S  CJPS COOU
 

 

website:www.coou.edu.ng

523 
 

ABSTRACT 

We consider two queues in tandem, each of which has its own input of arriving customers, 

which, hi turn, may either be accepted or rejected. Suppose that the system receives a fixed 

reward for each accepted customer and pays a holding cost per customer per unit time in 

the system. The objective is to dynamically determine the optimal admission policies based 

on the state of the system so as to maximize the average profit (reward minus cost) over an 

infinite horizon. This model finds applications in flow control in communication systems, 

industrial job shops, and traffic-flow systems. In this paper, a novel approach is presented 

using fuzzy control. This approach explicitly finds the optimal policy, which up until now 

has defied analytical solutions. 
 

FUZZY CONTROL OF ARRIVALS TO TANDEM QUEUES WITH TWO 

STATIONS 

Sol-Akubude, Vincent I.P. 

Department of Mathematics 

Chukwuemeka Odumegwu Ojukwu University, Uli 

 

 

 

 

 

 

 

 

 

 

 

 

 

Key Words: Admission policy, fuzzy control, fuzzy queuing control, tandem queues. 

 

INTRODUCTION  

This paper considers the flow control problem of tandem queues using the fuzzy logic 

technique [Driankov et al., 1993]. The proposed model is an acyclic queuing network 

consisting of two tandem queues. Each queue has its own arriving customers that can be 

controlled by accepting or rejecting them. The system objective is to dynamically determine 

the optimal admission policies so as to maximize the average profit (reward minus cost). This 

model has been examined by Ghoneim and Stidham [Ghoneim et al., 1985], However, their 

work investigates the monotonic properties of the optimal policy while the present work 

specifies it explicitly. This topic falls into the control of the admission of customers category 

[Teghem, 1986] in the queuing control field. 

Control of flow is of great interest in computer, communication and production network 

applications. Several researchers have examined this topic in the context of queuing systems 

and a wealth of results have been published. By convention, queuing systems in this paper are 

represented by  where A denotes the distribution of the arrival process, B the 

distribution of the service times, m the number of servers, and c the capacity of the system. M 

signifies memoryless or Poisson distribution for the arrivals and exponential distribution for 

the service times. GI means independent with general distribution. Naor [Naor, 1969] has 

done pioneering work in this area by dealing with the problem of controlling the entry to an 

 queue. Yechiali [Naor, 1969] and [Yechiali, 1971] and Knudsen [7] extend Naor's 

results to  and  queues. However, an explicit determination of the optimal 

policy for the  queue is still an open topic of research, (see" Nunen and Puterman 

[VanNunen and Puterman, 1983] and Xu and Shanthikumar [1993]). Miller [1969] studies an 

 system, i.e., a multiserver system with losses, with a finite number of customer 

classes, each having a different reward and no holding cost. Lippman and Stidham [1977] 

extend Miller's model to infinite capacity systems with linear holding costs. In a subsequent 
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paper, Stidham [1978] considers a batch-arrival  system with a nonlinear holding 

cost rate, which makes the problem quite involved. Langen [1982] extends the results of 

Stidham [1985] to  systems. Johansen and Stidham [1980] propose a general model 

for control of arrivals to a stochastic input-output system, which includes the single-server 

versions for most models as special cases. Optimal admission control for more complicated 

queuing networks is also considered. Shioyarna [16] considers a similar problem with a 

different queuing structure. Another example of tandem queue flow control is Lazar's work 

[1983] where the arrival rate to the first queue in a series of queues is controlled. A recent 

paper [Blanc et al., 1992] by Blanc et al. considers the optimal control of admission to an 

 queuing system with one controlled and one uncontrolled arrival stream. A 

comprehensive discussion on admission and routing control can be found in the survey paper 

[1978] of Stidham. 

Most of the work thus far mentioned employs conventional stochastic dynamic programming 

techniques. These techniques, although sophisticated, solve rather simple problems. There is 

a variety of practical problems where the existing analytical methods do not work. Examples 

of such systems are networks with various interconnections or non-Markovian queues. 

Heuristics or simulation are common approaches in such cases. Recently, Zhang and Phillis 

[1996, 1996b, 1997, 1998, 1998b, 1999 ] proposed a new method using fuzzy logic to solve 

queuing control problems and show via simulation that the new method efficiently solves 

cases intractable with classical methods. This approach signals a departure from classical 

techniques. 

The previous papers introduce the fuzzy approach into the field of queuing control for the 

first time in the literature. There is good reason for doing so aside from the academic exercise 

of searching a new area. Conventional control theory is well-developed, but its success 

depends very much on the quality of the mathematical description of the controlled process. 

Queuing systems are often not amenable to mathematical descriptions or such descriptions 

are too complicated to be of value. This is why a limited number of conventional control 

techniques have been successfully applied in queuing systems. Fuzzy control, on the other 

hand, does not require a mathematical model of the controlled system. Thus, it seems to be a 

natural tool in handling complex or ill-defined processes as long as it is equipped with an 

expert operator's knowledge, which is used in forming pertinent rule bases as we shall see in 

the sequel. 

 

 

Fig. 1.    The fuzzy queueing control system. 

  
Arrivals  
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The main contribution of this paper is the explicit solution of a queuing control problem, 

which is analytically intractable. It should be noted that, although the monotonicity of the 

optimal solution has been investigated in [Ghoneim and Stidham, 1985], no explicit policy 

has been found up until now. Also, it provides a systematic framework for the development 

of fuzzy queueing control in conjunction with [[1996, 1996b, 1997, 1998, 1998b, 1999], 

which tackle a number of unsolved queueing control problems, each with its own 

peculiarities and difficulties. 

The system at hand is highly nonlinear for which suitable analytical descriptions do not exist. 

Fuzzy logic on the other hand appears to be a natural tool to handle such systems since it 

emulates a skilled operator. Indeed such an operator solves complicated nonlinear problems, 

ranging from parking a car to flying an airplane [Zadch, 1973], with excellent results without 

resorting to complicated and unwielding mathematics. The results we have obtained thus far 

using queueing control are promising. 

Criteria of individual or social optimization are commonly used in the context of queueing 

control. An individual criterion depends on the customer's own benefit while the social 

criterion views the performance of the system as a whole. The decrease in utility imposed on 

future customers by an arriving customer's decision to enter the system is often referred to as 

the external effect as opposed to the internal effect, which is associated with a customer's 

own delay. As a result of the externality, often an individually optimal is not socially optimal. 

To bring the two policies into agreement, an admission toll or entrance fee is imposed on 

customers who decide to join [Knudsen, 1972], [Naor, 1969], [Yechiali, 1971], [Yechiali, 

1972]. A number of papers take up the question of individually versus socially optimal 

policies, e.g., [Bell and Stidliam, 1983], [Johansen and Stidham, 1980], and [Stidham, 1978]. 

In this paper, socially optimal criteria are used (simply called optimal), which are determined 

with the aid of individually optimal policies. 

The fuzzy control method aims at finding optimal policies in computationally efficient ways. 

Throughout this paper, the term "policy" is used in the sense of "deterministic stationary 

policy." At each decision epoch, a decision is made by emulating a skilled human operator. 

Specifically, based on the current state of the system, an inference engine equipped with 

relevant fuzzy rule bases determines an on-line decision to adjust the system behavior in 

order to maximize a given profit. This is the fuzzy logic controller (see Fig. 1). 

It should be stressed that due to the nature of fuzzy logic and the lack of explicit 

mathematical models, it is impossible to prove the optimality of a policy. Yet, optimality is 

pursued by emulating an expert operator. After all, this is all that can be done in the context 

of fuzzy logic. From our experience, however, whenever fuzzy queuing control was used in 

cases where the mathematically optimal solution was known, the two results coincided [1996, 

1996b, 1997, 1998, 1998b, 1999]. 

Triangular membership functions are selected because of their simplicity and the good results 

obtained by simulation. Such membership functions can approximate most of the 

nontriangular ones [Pcdrycz, 1981]. The abbreviations ZO, PS, PM, PB indicate "zero," 

"positive small," "positive medium," and "positive big," respectively. 

The C programming language is used to simulate and control queuing systems. Mamdani 

implication [Driankov et al., 1993] is used to represent the meaning of "IF-THEN" rules. In 

this context, the statement "if X is A then Y is B" or A → B results in a relation R such that 

 This implication is precise, computationally simple, and fits 
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various practical applications. The min operator is a natural choice for the logical AND. 

Bellman and Giertz have devised a set of axioms, which the membership functions of the 

AND operator should satisfy [Zimmcrmann, 1991] and then prove that the min operator 

satisfies them. Intuitively, the AND operator corresponds to the intersections of sets, which is 

the largest common set. The intersection corresponds to the min operator as is shown in 

[Zimmcrmann, 1991]. To transform the fuzzy output into a usable crisp one, we use the 

height method of defuzzification for reasons of simplicity and practical utility [Driankov et 

al., 1993]. 

 

PROBLEM DESCRIPTION 

The queuing network considered is shown in Fig. 2. 

It consists of two workstations in tandem called station  Each station has an 

exponential server and an unlimited queueing capacity. The arrivals are of two classes: class 

1) those that wish to enter station 1 and then go to station 2 after being served in station 1 and 

class 2) those that wish to enter station 2 directly. Customers of both classes leave the system 

after being served in station 2. We assume that 

 

Fig. 2.    Queuing network 

customers of class i arrive in station i in a Poisson stream with constant rate A^. This means 

that the probability of n arrivals in time t is given by the Poisson formula 

 

Successive services in each station are independent and exponentially distributed with mean 

 in station i, regardless of the class of customer. An arriving customer may either be 

permitted or prohibited to enter the system. Suppose that the system receives a fixed reward 

 for each accepted customer of class i and pays a holding cost per customer per unit time 

in station i. We wish to decide the optimal admission policy, based on the state of the system, 

so that the average profit (reward minus cost) is maximized. This process is a semi-Markov 

decision process. Indeed, due to the presence of the controller at each station certain arrivals 

may be rejected. A Poisson arrival process has exponential interarrival times, but in the 

presence of the controller this distribution is no longer valid. The resulting process is no 

longer Markov but at the instants of state transitions it behaves as Markov. It is then called 

semi-Markov. Ghoneim and Stidham [1985] have examined the monotonicity of the optimal 

policy as we already mentioned, but the explicit determination of the optimal policy remains 

an open problem. This policy we specify in the sequel using fuzzy logic. 
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ARCHITECTURE OF THE FUZZY LOGIC CONTROLLER 

Without loss of generality, the decision epochs at which arriving customers are controlled 

may be restricted to the arrival times of new customers. The state of the system at the 

decision epochs can be described by  where  is the number of 

customers in station i including the one in service (if any). Therefore, is the total 

number of customers in the system. 

To avoid the trivial situation where an arriving class 1) customer is immediately denied 

entrance even when the system is empty  or an arriving class 2) customer is 

immediately denied entrance even when station 2 is empty , we assume, henceforth, 

that 

      (1) 

and  

      (2) 

That is, the reward at each station per customer is greater than the corresponding holding 

cost. The fraction , expresses the holding cost during service of a customer at server i. 

Under these conditions, it is always beneficial to admit a class 1) customer when the system 

is empty and to admit a class 2) customer when station 2 is empty. Hence, we write a crisp 

rule for the state , if there are no customers in the system, then an arriving class 

1) customer is admitted into the system. Also, for the state   we write—if there are no 

customers in station 2 then an arriving class 2) customer is admitted into the system. 

Henceforth, when we set up the fuzzy rule bases, we shall only consider the cases 

. 

The system receives a reward when it accepts customers and incurs a cost when it holds 

them. Under conditions 1) and 2), the best behavior for the system is never to starve the 

server in station 2 and never to hold any customers in queue. It appears that this policy would 

be optimal for the system. However, the memory less property of this process, which means 

that neither the interarrival nor the service times can be conditioned on the present observable 

state, makes it impossible to implement this policy. If the memory less property were not 

valid, then the interarrival and service times would be probabilistically predictable as a 

function of the elapsed time and a given policy, at least in principle, would be implementable. 

In the present case, however, both times are independent of each other as well as of the 

elapsed time and a policy based on this elapsed time would be impossible to implement. 

Also, attention should be paid to the different classes of customers. If a class 1) customer 

brings the system a high reward and does not need a long service time, while at the same time 

the customer does not incur high holding costs in station 1, the system will accept class 1) 

customers easily, otherwise it will not. The fuzzy logic controller specifies the control 

policies by taking into account such observations. 

At each decision epoch, the number of queueing customers in each station is the observable 

information. These numbers act negatively in making a decision to accept an arriving 

customer. The customer arrival rates  also play a role in the decision inference course and 

they are used as fuzzy inputs to the rule bases. 
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Formally speaking, we choose the following parameters as fuzzy inputs: the numbers 

 of customers in the buffer of station i and the customer arrival rates 

 of class j. The decisions  as to whether an arriving class j 

customer is admitted into the system are the fuzzy outputs. 

We develop a fuzzy rule base for  in the Appendix, where YES means that an arriving 

customer of class I) is admitted into station 1, otherwise it is not. For reasons of brevity we 

include (in the Appendix) only the rules with output YES. All other rules have output NO. 

We choose four fuzzy sets for each of the four inputs and this rule base consists of 

 rules. The membership functions for the fuzzy inputs  and  are shown in Fig. 

3(a) and for the fuzzy output  they are shown in Fig. 3(b). The universes of discourse for  

and  are  and for  It should be noted in Fig. 3(a) that the domain (0, 6) is a 

commonly used one in fuzzy control. Also, the final shape and scales of the membership 

functions were decided after extensive experimentation. The choice of Fig. 3 provided the 

greatest profit. 

 

(a) (b) 

Fig. 3.    Membership functions. 

The establishment of the fuzzy rule base relies on the following arguments: 1) As more 

customers arrive in station 1 it becomes difficult to say "yes" to an arriving class 

(1) Customer: This is because these customers incur a high holding cost whereas the 

reward is not important when there are many customers in the system;  

(2) A large number of customers in station 2 makes it difficult to say "yes" to an arriving 

class 1 customer because of similar reasons to 1). 

(3) A higher arrival rate of class 1) customers weakens the decision "yes." Indeed, if the 

manager of the system knew that additional class 1 customers were arriving at a very 

high rate, which means that the server would rarely be starved, he would not accept 

the present customers when the system is not empty because additional customers 

merely incur a holding cost; and  

(4) Similarly, a higher arrival rate of class 2)  customers weakens the decision "yes." 

Next, we consider all possible arrangements of the four fuzzy sets for all four inputs. 

For "each arrangement a decision is made following propositions l)-4). Thus, the rule 

base is formed. As an example, consider the combination (PS, ZO, PB, PM) for the 

quadruplet . The magnitudes of and alone would justify the decision 

YES for  and , but since and  are such that large queues will be soon 

developed the final decision is . 
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Because the buffer capacity in either station is unlimited,  could be unbounded. Also, since 

arrivals into the system may be rejected, there are no restrictions on the arrival rates. In other 

words, the arrival rates of both classes of customers could also be unbounded. We have then 

to decide how big is "big," for each fuzzy input in the rule base. To answer this question, we 

determine the quantitative relationships among the fuzzy output and the fuzzy inputs  

and . 

We start with  for the special case  and , i.e., we only need to 

decide whether to admit the last arriving class 1) customer. Let  be the optimal threshold 

value for . If the number of customers in queue j is not smaller than when a customer 

arrives, then the decision is rejection. This customer is accepted only if the reward 

compensates the expected holding cost, which is 

  

  (3) 

When  class 1) customers are expected to be delayed in station 1, otherwise they 

will be delayed in station 2. From (3), we obtain 

    (4a) 

    (4b) 

This situation is equivalent to the rule if   is PB and  is ZO and  is ZO and  is ZO, 

then  is NO. In other words, the fuzzy set PB for with membership grade 1.0 in the fuzzy 

rule base for is fixed at the right-hand side of (4), which is not necessarily an integer. The 

bounds of (4a) and (4b) were based on individually optimal decisions. The rule base, 

however, provides socially optimal decisions for various values of  and . 

In a similar fashion, for  and  we obtain 

 

from which we fix the fuzzy set PB for with membership grade 1.0 in the fuzzy rule base at 

the right-hand side of 

     (5) 

Regarding the fuzzy input , we consider the case when an arriving class 1) customer is 

rejected while there is one and only one customer (in service) hi station 1 and no class 2) 

customers are allowed; that is,  and . This situation 

occurs when the average benefit of rejecting the arriving customer is greater than that of 

admitting the same customer into the system. If a class 1) customer arrives and is then 

rejected while there is another one in service, then the profit per unit time will be given by 

 divided by the expected time until a next arrival. This time is 

equal to the expected service time plus the expected time between two successive events 

(departures or arrivals) in the system, which is given by l . Thus, the profit rate is 
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 If, on the other hand, the 

customer is admitted, the system earns a reward TI over the period of service 

. It also incurs a holding cost for a time given by the sum of the expected 

time between the arrival of the current customer and the service completion of the previous 

one plus the service time of the current customer 

 Thus, the profit becomes 

 

Finally, we reject the arriving customer when 

 

   (6a)  

Inequality (6a) can be rewritten as 

 

 

 

Under assumption (1), the quadratic inequality (6b) has two real roots  and the 

solution of (6b) is . It is easy to show that , and . Therefore, only 

 is selected. This situation is equivalent to the rule if  is ZO and  is ZO and  is PB 

and  is ZO, then  is NO. Also, PB for  in the fuzzy rule base with membership grade 

1.0 is fixed at  

For , we consider the case when the last arriving class 1 customer is rejected while there is 

one and only one customer (in service) in station 2 and no additional class 1) customers are 

allowed or  and .  

As previously, the condition for the rejection is 

 

 

 

From inequality (7), we obtain  
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Finally, we fix PB for λ2 with membership grade 1.0 in the rule base for d1 at the right-hand 

side of inequality (8). 

The rule base for the fuzzy output d2 is identical to that for d2 if we replace the fuzzy output 

d\. by d2, because the same propositions are valid. YES for the output d2 means that an 

arriving class 2) customer is admitted into station 2. The membership functions for d2 are 

shown in Fig. 3(b). The membership functions for s2 and λ2 are shown in Fig. 3(a). To specify 

their exact numerical settings we proceed as before. Then 

 

or 

 

The right-hand side of (9) fixes the fuzzy set PB for s1 with membership grade 1.0 in the 

fuzzy rule base for d2. The fuzzy set PB for s2 with membership grade 1.0 in the fuzzy rule 

base for d2 is fixed at the right-hand side of 

 

Next, we devise the fuzzy sets for Λ1 and λ2 in the rule base for d2. We begin with AI by 

considering a special case where the last class 2) customer is rejected when the two servers in 

both stations are busy, but the respective queues are empty or 

 Following previous ideas, we reject the 

customer when 

 

 

As previously, we fix PB for  λ1 in the rule base for d2 with membership grade 1.0 at the 

greatest root of (11), which we avoid writing explicitly to avoid cumbersome notation. 
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(a) (b) 

Fig. 4.    Optimal policies. 

Lastly, considering the case where an arriving class 2) customer is rejected when there is one 

and only one customer (in service) in station 2 and no class 1) customers admitted or 

 we obtain  

 

 

or 

 

The right-hand side of (13) is the fuzzy set PB for λ2 with membership grade 1.0 in the fuzzy 

rule base for d2. 

 

A NUMERICAL EXAMPLE 

We examine a network shown in Fig. 2 with arrival control to two queues in series. The 

parameters are as follows: arrival rates ,  service rates ; 

reward for each accepted customer ; and holding cost per customer per unit 

time  

We determine the optimal policy for d1 from the architecture of the fuzzy logic controller (see 

Fig. 1). The algorithm is outlined as follows. 

(1) According to expressions (4)-(6) and (8) and the given information, we determine the 

scaling factors for the fuzzy inputs  in the rule base for d1. For this 

example, we have    which corresponds to PB 

for s1 with membership grade 1.0 in the rule base for d1. From Fig. 3(a), PB for s1 

with membership grade 1.0 is 6 in the universe of discourse. Hence, we obtain the 
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scaling factor for si in the rule base for d1, which is . Similarly, we 

obtain  and , respectively. All these 

calculations are automatically implemented by the computer. 

(2) We start the algorithm from an initial state . 

(3) Using the current and  as well as the given  and as crisp inputs, we 

determine the decision d1 via fuzzification, fuzzy inference and defuzzification. 

For example, let us assume that currently  and , which should be scaled down to 

0.24 and 0.16, respectively. We see from Fig. 3(a) that corresponds to ZO with grade 0.91 

and PS with grade 0.44, and  corresponds to ZO with grade 0.93 and PS with grade 0.39. In 

addition,  is ZO with grade 0.96 and PS with grade 0.36,  is ZO with 

grade 6.29, PS with grade 0.96, and PM with grade 0.36. According to the fuzzy rule base 

and Mamdani implication the fuzzy decisions d1 are formulated as follows. 

• If  is ZO with grade 0.91 and  is ZO with grade 0.93 and is ZO with grade 

0.96 and is ZO with grade 0.29, then d1 is YES with grade 0.29. 

• If is PS with grade 0.44 and is ZO with grade 0.93 and is ZO with grade 0.96 

and is ZO with grade 0.29, then is YES with grade 0.29. 

• If  is ZO with grade 0.91 and is PS with grade 0.39 and  is ZO with grade 0.96 

and  is ZO with grade 0.29, then d1 is YES with grade 0.29. 

• If is PS with grade 0.44 and is PS with grade 0.39 and is ZO with grade 0.96 

and is ZO with grade 0.29, then d1 is YES with grade 0.29. 

• If is ZO with grade 0.91 and is PS with grade 0.39 and is PS with grade 0.36 

and is PM with grade 0.36, then is NO with grade 0.36. 

• If  is PS with grade 0.44 and is PS with grade 0.39 and is PS with grade 0.36 

and is PM with grade 0.36, then  is NO with grade 0.36. 

The four inputs , , , and  have 2, 2, 2, and 3 fuzzy sets, respectively, and, hence, 

 fuzzy decisions are fired as shown above, where we omitted most for 

reasons of brevity. From Fig. 3(b), the peak values of the decision d1 are 

 and the heights of the decisions 

. By the height method of defuzzification, the crisp 

output  is given by 

      (14) 

Then the decision d1 is YES, which means that the server at station 1 should receive an 

arriving class 1) customer. 

(d) Plot the decision d1 in the two-dimensional plane (s1, s2). 

(e) go to (f); otherwise let s2 = s2 + l and go to (c). 

(f)  exit; otherwise let  and go to 

(c). 

Steps e) and f) scan the plane (s1, s2) starting with the point (0, 0). If d1 = 1, we proceed with 

the point (0, 1) until we encounter d1 = 0. Then we move along the axis and examine the 
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points (1, 0), (1, 1), etc. until again we encounter d1 = 0. We exit when we hit d1 = 0 along 

the s1 axis because further search will yield only d1 = 0 everywhere. 

Following this algorithm, we obtain the control policy for d1 shown in Fig. 4(a). 

In a similar fashion we obtain the control policy for d2 shown in Fig. 4(b). We see from Fig. 

4(a) and (b) that although the rule bases for d1 and d2 are identical, their control policies are 

different because the scaling factors for the corresponding fuzzy inputs in the two rule bases 

are also different. 

CONCLUSIONS  

This paper considers the optimal admission control of arrivals to two queues in tandem by 

means of fuzzy control. This is the first attempt in the literature to explicitly determine the 

control policy to two arrival streams. In this paper, we determine the socially optimal policy 

with the aid of individually optimal behaviors. Our approach provides a new bridge between 

these two criteria. 

The utility of fuzzy logic lies in the fact that it can solve queuing control problems difficult or 

impossible to be solved with conventional analytical techniques. We have already solved a 

number of outstanding problems [1996, 1996b, 1997, 1998, 1998b, 1999]. The contribution 

of this work is the solution of one more queuing control problem, which was unsolved until 

now. Thus, this work is an addition to the general framework of fuzzy queuing control. It 

should be noted that each new problem in this framework is nontrivial. It appears that this 

model can be extended to a variety of unsolved control problems with general distributions, 

which lead to non-Markovian systems where analysis is rather hopeless. Finally, the fuzzy 

logic techniques seem promising in controlling complex networks. All these problems are 

topics for future research. 

 

REFERENCES 

Bell, C. and Stidliam, S. Jr.,  (1983). "Individual versus social optimization in the allocation 

of customers to alternative servers," Manual Sci., vol. 29, pp. 831-839. 

Blanc,  J. P. C., Waal,  P. R., Nain, P. and Towsley, D. (1992). "Optimal control of admission 

to a multiserver queue with two arrival streams," IEEE Trans. Automat. Contr., vol. 

37, pp. 7S5-797. 

Driankov,  D., Hellendoom, H.  and Reinfrank, M. (1993). An Introduction to Fuzzy Control,    

New York: Springer-Verlag. 

Ghoneim, H. and Stidham, S. Jr.,  (1985). "Control of arrivals to two queues in series," Ear. 

J. Opera). Res., vol. 21, pp. 399-409, 1985. [5] R. Hassin, "On the optimality of first 

come last served queues," Econometrics vol. 53, pp. 201-202. 

Johansen, S. G. and Stidham, S. Jr., (1980). "Control of arrival to a stochastic input-output 

system," Adv. Appl. Probability, vol. 12, pp. 972-999. 

Knudsen, N. C. (1972). "Individual and social optimization in a multiserver queue with a 

general cost-benefit structure," Econometrica, vol. 40, pp. 515-528.  

Langen, H.J. (1982). "Applying the method of phases in the optimization of queueing 

systems," Adv. Appi Prob., vol. 14, pp. 122-142. 



COOU Journal of Physical ciences 3(1), 2020S  CJPS COOU
 

 

website:www.coou.edu.ng

535 
 

Lazar, A. A. (1983). "Optimal flow control of a class of queueing networks in equilibrium," 

IEEE Trans. Automat. Contr., vol. AC-28, pp. 1001-1007. 

Lippman, S. A. and Stidbam, S. Jr., (1977). "Individual versus social optimization in 

exponential congestion systems," Operat. Res., vol. 25, pp. 233-247.  

Miller, B. L. (1969). "A queueing reward system with several customer classes," Manual 

Set., vol. 16, pp. 234-245. 

Naor, P. (1969). "On the regulation of queue size by levying tolls," Econometrica, vol. 37, 

pp. 15-24.  

VanNunen, J. A. E. E. and Puterman, M. L.  (1983). "Computing optimal control limits for 

GI/M/s queuing systems with controlled arrivals," Manual Sci.,vol. 29, pp. 725-734. 

Pcdrycz, W (1981). "Why triangular membership functions?" Fuzzy Sets Syst., vol. 64, pp. 

21-30, May 1994. [15]  R. C. Rue and M. Rosenshine, "Some properties of optimal 

control policies for entry to an M/M/1 queue," Naval Res. Logist. Quart., vol. 28, pp. 

525-532. 

Shioyama, T. (1991). "Optimal control of a queuing network system with two types of 

customers," Eur. J. Operat. Res., vol. 52, pp. 367-372.  

Stidham, Jr., S. (1978). "Socially and individually optimal control of arrivals to a GI/M/1 

queue," Manual Sci., vol. 24, pp. 1598-1610.  

Stidham, Jr., S. (1985). "Optimal control of admission to a queueing system," IEEE Trans. 

Automat. Contr., vol. AC-30, pp. 705-713, Aug. 1985.  

Teghem, J. Jr.,  (1986). "Control of the service process in a queueing system,"Eur. J. Operat. 

Res., vol. 23, pp. 141-158, 1986.  

Xu, S. and Shanthikumar, J. G. (1993). "Optimal expulsion control—A dual approach to 

admission control of an ordered-entry system," Operat. Res., vol. 41, pp. 1137-1152. 

Yechiali, U.  (1971). "On optimal balking rules and toll charges in a GI/M/f queueing 

process," Operat. Res., vol. 19, pp. 349-370, 1971.  

Yechiali, U.  (1972).  "Customers'  optimal joining rules  for the  GI/M/s queue,"Manual Sci., 

vol. 18, pp. 434-443, Mar. 1972.  

Zadch, L. A. (1973). "Outline of a new approach to the analysis of complex systems and 

decision processes," IEEE Trans. Sys/., Man, Cybern., vol. SMC-3, pp. 28-44, Jan. 

1973.  

Zhang, R. and Phillis, Y. A. (1996). "Fuzzy service control of M/M/1 queues,"in Proc. 2nd 

World Automat. Congress, Montpeilier, France, vol. 5, pp. 731-736.  

Zhang, R. and Phillis, Y. A. (1996).  "Fuzzy service rate control of queueing systems," in 

Proc. IEEE Int. Conf. Syst., Man, Cybern., Beijing, China, vol. 4, pp. 3045-3050.  

Zhang, R. and Phillis, Y. A. (1997). "Fuzzy, routing   of queueing   systems  with  

heterogeneous servers," in Proc. IEEE Int. Conf. Robot. Automat., Albuquerque, NM, 

vol. 3, pp. 2340-2345.  

Zhang, R. and Phillis, Y. A. (1998). "A fuzzy approach to the flow control problems," J. 

Inrell. Fuzzy Syst., vol. 6, no. 4, pp. 447-158..  



COOU Journal of Physical ciences 3(1), 2020S  CJPS COOU
 

 

website:www.coou.edu.ng

536 
 

Zhang, R. and Phillis, Y. A. (1998). "Multiple control policies for two-station production 

networks with two types of parts using fuzzy logic," in Proc. IEEE Int. Conf. Robot. 

Automat., Leuven, Belgium, vol. 4, pp. 2759-2764.  

Zhang, R. and Phillis, Y. A. (1999). "Fuzzy   control of queueing systems  with  

heterogeneous servers," IEEE Trans. Fuzzy Syst., vol. 7, pp. 17-26, Feb. 1999.  

Zimmcrmann, H. J. (1991). Fuzzy Set Theory and Its Applications.   Boston, MA: Kluwer, 

1991. 

 

APPENDIX 

RULE BASE 

s1       s2       λ1       λ2 
d1 or 

d2 

 
s1        s2       λ1       λ2 

d1 or 

d2 

ZO     ZO     ZO    ZO 

PS      ZO    ZO     ZO 

YES 

YES 

 ZO     ZO     ZO     PM 

ZO      PS      PS      ZO 

YES 

YES 

PM     ZO    ZO     ZO YES  ZO      ZO     PM     

ZO 

YES 

ZO     PS     ZO     ZO YES  ZO      ZO       ZO      

PS 

YES 

PS      PS     ZO     ZO YES  PS      ZO      ZO      PS YES 

ZO     PM    ZO     ZO YES  ZO      PS      ZO      PS YES 

ZO     ZO     PS      ZO YES  ZO      ZO      PS      PS YES 

PS     ZO      PS      ZO YES    

Fig. 5.   Important notice: The base includes only the rules with output YES.  

All other rules have output NO and were not included for brevity. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


