
COOU Journal of Physical sciences 2(8),2019CJPS COOU

 
 

Website: www.coou.edu.ng.   213 
 

 

 

 

THE PENALTY AND BARRIERFUNCTION TECHNIQUES, AND ITS’ 

APPLICABILITY TO OPTIMIZATION PROBLEM  

 

M. LAISIN1; OKEKE J. E2&AIGWE ROSEMARY U3. 
1Department of Mathematics, Chukwuemeka Odumegwu Ojukwu University, Uli, Anambra State, 

Nigeria. Email: laisinmark@gmail.com, Phone: +234-7031945895  

 
2Department of Mathematics, Chukwuemeka Odumegwu Ojukwu University, Uli, Anambra State, 

Nigeria. Email: okekejustina@yahoo.com, Phone: +234-9039311308  

 
3Department of Mathematics, Chukwuemeka Odumegwu Ojukwu University, Uli, Anambra State, 

Nigeria. Email: rosemaryadigwe18@gmail.com  Phone: +234-8061349102 

 

ABSTRACT 

In this paper the authors carried some autonomous studies to examine the techniques of solving 

nonlinear programming problems (optimization problems). The authors studied the mathematical 

techniques for solving nonlinear programming problems by putting emphasis on penalty and 

barrierfunction methods. We discussed generally, the quadratic penalty method and the 

logarithmic barrier penalty method. Furthermore, we applied the logarithmic barrier method to 

offers smoothness when the constraints are strictly satisfied and also differentiable. 

 

Keywords:  quadratic penalty method, composite nonconvex program, iteration-complexity, 

inexact proximal point method, first-order accelerated gradient method. 

  

1. INTRODUCTION  

Nonlinear programming as a branch of mathematics has drawn much attention still to be research 

on due to its application potentials. The problem of minimizing a function of several variables, 

possibly subject to constraints on these variables is called an optimization problem. Optimization 

problems arise in many areas of applications such as in Natural Science, Engineering, Economics 

and business as well as in Mathematics itself (Bertseka D. , 1999.; Boyd & Vandenberghe, 2004.; 

HiriartUrruty & Lemaréchal., 1993.; Bertseka D. , 1999; Nocedal,, Jorge;, Wright,, & Stephen, 

1999). However, the contributions of this paper fall within the general area of nonlinear 

optimization (or nonlinear programming, as it is also called) which differs from Fourier analysis 

and Wavelet Theory in that classical Multivariate Analysis which is also an important ingredient. 

In addition, many excellent journals and books on nonlinear optimization have influenced these 

area of research (Bertseka D. , 1999; HiriartUrruty & Lemaréchal., 1993.; Kelley , 1995; 

Lindstrøm, 2011) to go deeper into the subject area.  However, Optimization has its mathematical 

foundation in linear Algebra and Multivariate Calculus.  But, of course, R.T. Rockafellar, has 

influence this area of convexity with his research work(Rockafellar., 1970).  A special case of 

nonlinear optimization is the Linear optimization (LP, linear programming) which is not our 

focus.  

However, in constrained optimization, a field of Mathematics, consider a barrier 

function as a continuous function whose value on a point increases to infinity as the point 

approaches the boundary of the feasible region of an optimization problem (Nocedal,, Jorge;, 

Wright,, & Stephen, 1999). Such functions are used to replace inequality constraints by a 
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penalizing term in the objective function that is easier to handle. In addition, the two most 

common types of barrier functions are inverse barrier functions and logarithmic barrier functions.  

 

Resumption of interest in logarithmic barrier functions was motivated by their connection with 

primal-dual interior point methods. However, to extend to higher dimensions we simply consider 

each dimension to be independent. Such that for each variable 𝑥𝑖 which should be limited to be 

strictly lower than 𝑏𝑖, add − log(𝑏𝑖 − 𝑎𝑖
𝑇𝑥)(Nocedal,, Jorge;, Wright,, & Stephen, 1999; 

Vanderbei, (2001).   

Furthermore, research has shown that Newton's method is best applied for minimizing 

twice differentiable convex functions with equality constraints. One of the limitations of this 

method is that we cannot deal with inequality constraints. However, in this case, the barrier 

method is a very useful tool used to address this issue. Formally, given the following problem, 

𝑚𝑖𝑛 𝑓(𝑥) 
𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 ℎ𝑖(𝑥) ≤ 0;  𝑖 =  1, 2,⋯ ,𝑚 

𝐴𝑥 = 𝑏 

assuming that 𝑓, ℎ𝑖 are all convex and twice differentiable functions, all with domain 𝑅𝑛,  the log 

barrier is defined as follows; 

∅(𝑥) = − ∑log(−ℎ𝑖(x))

𝑚

𝑖=1

 

It can be seen that the domain of the log barrier is the set of strictly feasible points, 
{𝑥 ∶  ℎ𝑖(𝑥) <  0;  𝑖 =  1,2,⋯ ,𝑚}. 

Furthermore, authors have carried out studies to demonstrate that optimization problems with 

equality constraints can be solved by Newton's method, notwithstanding that problems with 

inequality constraints cannot be handled by Newton's method. We shall present a construction 

where the equality constraints are ignored and focus on the barrier method that can address 

problems with inequality constraints.   

 

2. PRELIMINARIES  

2.1 Penalty Methods  

Consider the constrained optimization problem  

𝑃 ∶  minimize
𝑥

𝑓(𝑥) 

𝑠. 𝑡. 𝑔𝑖(𝑥) ≤ 0,   𝑖 = 1, . . . , 𝑚  
ℎ𝑖(𝑥) = 0, 𝑖 = 1, . . . , 𝑘  

𝑥 ∈ 𝑅𝑛 

By converting the constraints ℎ𝑖(𝑥) = 0 to ℎ𝑖(𝑥) ≤ 0 − ℎ𝑖(𝑥) ≤ 0 and also considering that P is 

of the form 

𝑃: minimize
𝑥

𝑓(𝑥) 𝑠. 𝑡. 𝑔(𝑥) ≤ 0𝑥 ∈ 𝑅𝑛 

where we write 𝑔(𝑥):= (𝑔1(𝑥), . . . , 𝑔𝑚(𝑥))
𝑇for our own understanding 

Definition 2.1 

A nonlinear programming problem can be stated as follows; 

Minimize                      𝑧 =   𝑐𝑇 

subject to                     𝑎𝑖
𝑇𝑥 ≤ 𝑏𝑖        𝑖 = 1, 2, ⋯ ,𝑚 

Assume strictly feasible:  {𝑥: 𝐴𝑥 < 𝑏} ≠ ∅ 

Define logarithmic barrier Φ(𝑥) = {
∑ log(𝑏𝑖 − 𝑎𝑖

𝑇𝑥)−1         𝑓𝑜𝑟 𝐴𝑥 < 𝑏 𝑚
𝑖=1

∞                                          𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒      
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Definition 2.2 

A function 𝑝(𝑥): ℝ𝑛
 
→ ℝis called a penalty function for P if 𝑝(𝑥) satisfies:  

• 𝑝(𝑥) = 0          𝑖𝑓 𝑔(𝑥) ≤ 0   𝑎𝑛𝑑  
• 𝑝(𝑥) >  0         𝑖𝑓 𝑔(𝑥)  ≰ 0.(Ruszczynski., 2006) 

Lemma 2.3  

The following Lemma presents some basic properties of penalty methods:  

1. 𝑞(𝑐𝑘, 𝑥
𝑘)  ≤  𝑞(𝑐𝑘+1, 𝑥

𝑘+1) 
2. 𝑝(𝑥𝑘)  ≥  𝑝(𝑥𝑘+1) 
3. 𝑓(𝑥𝑘)  ≤  𝑓(𝑥𝑘+1) 

4. 𝑓(𝑥∗ )  ≥  𝑞(𝑐𝑘, 𝑥
𝑘)  ≥  𝑓(𝑥𝑘)(Bertseka D. , 1999.) 

2.4 Penalty functions 

An often-used class of penalty functions is:  

𝑝(𝑥) =  ∑[max{0, 𝑔𝑖(𝑥)}]
𝑞

𝑚

𝑖=1

, 𝑤ℎ𝑒𝑟𝑒 𝑞 ≥ 1.              (2.4.1) 

Now, we note the following: 

• If 𝑞 = 1, 𝑝(𝑥) in (2.4.1) is called the “linear penalty function”. This function may not be 

differentiable at points where 𝑔𝑖(𝑥) = 0 for some 𝑖.  
• Setting 𝑞 =  2 is the most common form of (2.4.1)that is used in practice, and is called 

the “quadratic penalty function”.  

• If we denote 

𝑔+(𝑥) = (𝑚𝑎𝑥{0, 𝑔𝑖(𝑥)}, . . . , 𝑚𝑎𝑥{0, 𝑔𝑚(𝑥)})
𝑇 

then the quadratic penalty function can be written as 𝑝(𝑥) = (𝑔+(𝑥))𝑇(𝑔+(𝑥)) 
(Bertseka D. , 1999) 

Theorem 3.(Penalty Convergence Theorem). 

Suppose that 𝑓(𝑥), 𝑔(𝑥),and 𝑝(𝑥), are continuous functions. Let {𝑥𝑘}, 𝑘 = 1, . . . , ∞, be a 

sequence of solutions to 𝑃(𝑐𝑘). Then any limit point �̅� of {𝑥𝑘} solves  .  

 

 Proof 

Let �̅� be a limit point of {𝑥}. From the continuity of the functions involved, we have 

lim
𝑛→∞

𝑓(𝑥𝑘)  =  𝑓(�̅�) 

Also, from the Penalty Lemma 2.3, we have 

𝑞∗ ∶=  lim
𝑛→∞

𝑞(𝑐𝑘, 𝑥
𝑘)  ≤ 𝑓(𝑥 ∗). 

Thus, it follows that; 

lim
𝑛→∞

𝑐𝑘𝑞(𝑥
𝑘) = lim

𝑛→∞
𝑞(𝑐𝑘, 𝑥

𝑘) − 𝑓(𝑥𝑘) =  𝑞∗ − 𝑓(�̅�) 

But 𝑐𝑘 → ∞, which implies from the above that  

lim
𝑛→∞

𝑝(𝑥𝑘) = 0 

Therefore, from the continuity of 𝑝(𝑥)and 𝑔(𝑥), 𝑝(�̅�) ≤ 0, and also 𝑔(�̅�) ≤ 0 , it follows that,  

�̅� is a feasible solution of P. Finally, from the Penalty Lemma 2.3 we have; 

𝑓(𝑥𝑘)  ≤  𝑓(𝑥∗) for all k, 

and so 

 𝑓(�̅�)  ≤  𝑓(𝑥∗),  
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which implies that �̅� is an optimal solution of 𝑃.       

3.1 Penalty And Barrier Function Techniques 

To solve nonlinear programming problems with Penalty and barrierfunction techniques by 

applying the following; 

a) Logarithmic penalty term 

b) path following algorithms 

Finally, we apply the Barrier function method to the problem with inequality constraints; 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑓 (𝑥) 
𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝑥 ∈  𝑋,  𝑔𝑗  (𝑥)  ≤  0, 𝑗 =  1, . . . , 𝑚, 

assuming that 𝑓 (𝑥),  𝑔1(𝑥), . . . , 𝑔𝑚(𝑥) are smooth, 𝑋 =  𝑅𝑛  𝑜𝑟  𝑅+
𝑛  and that the set 

𝑆 =  {𝑥 ∈  𝑋 ∶  𝑔𝑗(𝑥) <  0, 𝑗 =  1, . . . , 𝑚} ≠ ∅ . 

Then, we apply the barrier function method as follows; 

Step 1.Introduce a barrier function 𝐵(𝑔(𝑥))  ≥  0, which is differentiable and approaches to ∞, as 

𝑔𝑗  (𝑥)  →  0
−:  e.g. 

𝐵(𝑔(𝑥)) =  −∑−ln (𝑔𝑗(𝑥)) ,

𝑚

𝑗=1

 ⇒  𝐵(𝑔(𝑥)) = −∑
1

𝑔𝑗(𝑥)

𝑚

𝑗=1

 

Step 2.Barrier function method: For every 𝑘 =  0, 1, 2, 3,⋯  solve 

min
𝑥∈𝑆

{𝑓 (𝑥)  + 휀(𝑘)𝐵(𝑔(𝑥))}  ⇒  𝑥(𝑘), 

where the parameter sequence {휀(𝑘)}𝑘∈𝑁satisfies the condition: 

 

0 < 휀(𝑘+1) < 휀(𝑘)          𝑎𝑛𝑑      휀(𝑘) →  0. 
3.2 Optimization Problem: 

To solve optimization problems with logarithmic barrierfunction techniques by applying the 

following; 

Optimization problem is given as: 

min
{𝑥−1≥0}

𝑥 

Then, we apply the logarithmic barrier function method to solve the optimization problems as 

follows;  

min
𝑥≥1

{𝑥 −  휀 𝑙𝑛(𝑥 −  1)}  →  𝑥∗ (휀)  =  1 +  휀. 

Example  

Solve: min
1−𝑥1−𝑥2≤0

𝑥1
2 + 𝑥2

2by applying the Logarithmic barrier function as follows; 

𝐵(𝑔(𝑥))  =  −𝑙𝑛(𝑥1  +  𝑥2 −  1). 
Solution 

By applying the Barrier function method to the problem with inequality constraints, we have; 

 

min
𝑥1+𝑥2−1≥0

{𝑓 (𝑥)  +  휀𝐵(𝑥)}. 

Now, let’s apply the Logarithmic barrier function without the constraint for a moment to get the 

following; 

𝑚𝑖𝑛 𝑥1
2 + 𝑥2

2 − 휀𝑙𝑛(𝑥1  +  𝑥2 −  1) 
 

By the optimality criteria for convexity, we have: 
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𝛻𝑓 (𝑋∗) + 휀𝛻𝐵(𝑋∗) = [

2𝑥1
∗ −

휀

𝑥1
∗ + 𝑥2

∗ − 1

2𝑥2
∗ −

휀

𝑥1
∗ + 𝑥2

∗ − 1

] = 0 

= {

𝑥1
∗ = 𝑥2

∗

2𝑥2
∗ −

휀

2𝑥1
∗ − 1

= 0 ⇒ 4𝑥1
∗2 − 2𝑥2

∗2 − 휀 = 0 

 

⇒ 𝑥1
∗ =

2 + 2√1 + 4휀

8
∈ 𝑆, (

2 − 2√1 + 4휀

8
∉ 𝑆) 

Hence, we have; 

⇒ lim
𝜀→0

(𝑥∗) = (
1

2
,
1

2
) . 

as the optimal solution for the problem. 

 

5. CONCLUSION 

Nonlinear programming problems are not just interesting for their own sake. They have a variety 

of algorithms to generate developing structures which will always be needed, simply because of 

the fundamental nature of the optimization problems. One could need different kinds of 

optimization techniques for different kinds of algorithms due to the type of optimization 

problems. However, we constructed the penalty and barrier function techniques generated by 

optimization problems. Finally, the result generated was applied to nonlinear problems by 

applying the Logarithmic barrier function technique.  
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