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ABSTRACT 

The Regularized Discriminant Analysis (RDA) has been shown to be strongly rooted in the 

theory of Fishers Discriminant Analysis. The fact that several studies have shown that 

SVM performs relatively better than FDA has been considered. This study, thus 

investigated the performances of RDA (a variant of FDA) vis-a-vis SVM. It shows that 

RDA which is rooted in the theory of FDA performs equally as well as SVM. In other 

words, it reveals that a variant of FDA can perform at least as good as SVM given a 

binary classification dataset. 
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1. INTRODUCTION 

The theory behind Regularized Discriminant Analysis (RDA), is strongly connected to the 

theory behind the Fishers Discriminant Analysis (FDA). The FDA is a popular tool for binary 

classification and is due to (Fisher, 1936). The tool has a lot of interesting properties which 

informed its application in face recognition (Li et al., 2003; Q. Liu et al., 2004) and face 

detection (Kurita and Taguchi, 2002; Feng and Shi, 2004). In agriculture, it has been used in 

seed classification (Baudat and Anouar, 2000), and in medicine, it has also been used in the 

classification of malignant and benign cluster micro-calcification (Wei et al., 2005). The 

interesting property of FDA is captured in the FDA’s classification function given as: 

 g(x) = dTΣˆ−1x. (1) 

Note that m = dTΣˆ−1x¯, d = (x¯1 − x¯2) and . Also, Σ is the estimated covarianceˆ 

matrix between two classes (+1 and −1 classes), and x¯1 and x¯2 are classes +1 and −1 means 

respectively. A new observation xnew, say, can be allocated to class +1 if g(x) ≥ m, otherwise to 

class −1. In high dimensions, Σ is always a singular covariance matrix, hence FDA is anˆ 

unsuitable classifier. Alternatively, RDA (Friedman, 1989; Witten and Tibshirani, 2011; Bickel 

and Levina, 2004) can be used and it is the result of adding λI to Σ to get: 

 . (2) 

Here, λ is a regularization parameter and the value it assumes determines how close to optimality 

the function g(x) is. For instance, if λ = 0, the un-regularized condition where Σ is singular 

obtains. If λ −→ ∞, the effect of Σ in (2) depletes and such outcome is undesirable. Somewhere 

between 0 and ∞ exclusively, gives an optimal classifier. 

Other forms of regularization have been identified (Guo et al., 2006), which includes 

 Σˆ
k (λ) = (1 − λ)Σˆ

k + λΣˆ, (3) 

where Σˆk is the covariance of Quadratic Discriminant Analysis (QDA) whereas Σ is the co-ˆ 

variance of Linear Discriminant Analysis (LDA). The RDA() function from the KlaR package 

(Weihs et al., 2005) makes additional modification to the covariance matrix by adding a tuning 

parameter γ. Thus, 
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  (4) 

where γ and λ can be referred to as mixed parameters and their values are between 0 and 1. Note 

that (4) shall be used as a basis for comparison with the SVM. 

 

2. THE SUPPORT VECTOR MACHINE (SVM) 

The Support Vector Machine (Cortes and Vapnik, 1995), like RFDA, is a binary classifier from 

the field of machine learning. It has been used in different studies including image analysis (J. J. 

Liu et al., 2005), drug design (Burbidge et al., 2001; Norinder, 2003; Bao and Sun, 2002) and 

time series (Kyoung-jae, 2003; Thissen et al., 2003). It has also been applied in food quality 

control (Xie et al., 2009) and environmental sciences (Gilardi et al., 1999; Kanevski et al., 2005) 

etc. SVM has a strong geometric connection, and it is a concept based on the hyperplane. 

 

Hyperplane 

A hyperplane is a set of points x ∈ IRp, that satisfy the equation h(x) = 0 (Zaki and Wagner 

Meira, 2014), where h(x) is a function of the hyperplane defined by: 

 h(x) = WTx + W0. (5) 

Note that W is a p-dimensional weight vector and W0 is a scalar. In IR2 for instance, an infinite 

number of hyperplanes can be used to divide any two classes into two. As the case may be, only 

one hyperplane is regarded as optimum. For illustrative purposes, Figure 1 presents four 

different hyperplanes separating the red and blue classes, but only one is optimum. 

The optimum hyperplane lies in the middle of the nearest data points from both classes (+ve and 

−ve classes), thus maintaining the greatest distance between the data points. The goal of SVM is 

to find the optimum hyperplane. In finding the optimum hyperplane, the SVM makes use of the 

support vectors, margin lines and the margin. 

The support vectors are data points from the positiveand negativeclasses that are closest 

to the separating hyperplane (optimum hyperplane). They are unique to a separating hyperplane, 

hence any separating hyperplane has a set of support vectors it identifies with. A wrong choice 

of support vectors would imply the emergence of a less than optimum hyperplane. A support 

vector can be called positivesupport vector if the vector is from the positiveclass, otherwise it is 

called negativesupport vector. 

 

Figure 1: Hyperplanes dividing the red and blue classes into two. 
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Hyperplanes that pass through the support vectors are called the margin lines. A positive margin 

line passes through the positivesupport vectors, whereas a −ve margin line passes through the 

negativesupport vectors. The distance between the two margin lines is called the margin. Figure   

2 contains a graphical illustration on the margin lines, margin and support vectors. 

 

Kernel Based Support Vector Machines 

The problem with SVM is that it is a linear classifier and performs optimally if dataset is linearly 

separable. If dataset is not linearly separable, it poorly performs. However, the use of kernel 

functions enhances the performances of SVM even on non-linearly separable datasets. For 

instance, when datasets are non-linearly separable, they are first transformed from a low 

dimension input space to a high dimension feature space. In the feature space, the hard or soft 

margin SVM can be used depending on the dataset. This idea of dataset transformation is to put 

data in a form that can facilitate the process of SVM optimization. In the end, a non-linear 

decision boundary obtains in the input space. However, this entire process of dataset 

transformation to a high dimensional future space can be avoided through the use of a kernel 

function in the input space. 

 

 

Figure 2: Graphical illustration of Support Vectors, Margin Lines and Margin. 

 

Kernel Function  

A kernel function is a function that takes any two vectors of the same dimensions as input, and 

returns a dot product of the vectors (Kim, 2013). For any two vectors, say xi,xj, a kernel function 

satisfies the condition, 

 K(xi,xj) = φ(xi)
Tφ(xj). (6) 

The function specified in (6) shows that the value of the dot products can be constructed in the 

input space using input vector x. Thus, a computation of all possible pairwise similarity 

functions K(xi,xj); i,j = 1,2,··· ,n gives rise to the kernel matrix (K). Different types of kernel 

functions have been identified (Zeileis et al., 2004), and common ones among them include the 

Linear kernel, Polynomial kernel, Gaussian or radial basis function kernel and Exponential 

kernel etc. 
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Methodology 

The Regularized Discriminant Analysis and the Support Vector Machine will be used to classify 

binary datasets. A total of 10 different datasets will be used. The error rates arising from the use 

of both classifiers will be noted. Since the datasets are small, a non-parametric Wilcoxon rank 

sum test will be used to compare the error rates obtained by both classifiers. Based on the p-

value obtained from such comparison, one will be in a better position to know if the classifiers 

have tied in their performances or otherwise. This will be followed by appropriate decision on 

the performances of the classifiers. 

 

3. EMPIRICAL INVESTIGATION 

This investigation will involve the application of RDA and SVM classifiers on binary 

classification datasets. Interest is on the accuracies of the classifiers given the datasets, which 

will help to reach necessary conclusions on how the classifiers have performed in general. The 

datasets to use will include the following: 

a. Banknote Authentication Dataset: The dataset consists of 1372 items (images of 

banknotes).There are 5 variables namely variance of image, skewness, kurtosis, entropy and 

Class. The class variable to predict is encoded 0 (authentic) or 1 (forgery). The source of the 

dataset is UCI https://archive.ics.uci.edu/ml/datasets/banknote+authentication. 

b. Haberman’s Survival Dataset: There are 306 items (patients) and three predictor variables 

(age, year of operation, number nodes). The variable to predict is encoded 1 (survived) or 2 

(died). The dataset source is https://archive.ics.uci.edu/ml/datasets/Haberman%27s 

+Survival. 

c. Heart.data: This is a real world binary classification heart disease dataset, and it consists 

of462 observations on 9 variables and a binary response. The dataset is contained in R 

package glmpath. 

d. Ionosphere Dataset: This is a radar dataset collected by a system in Goose Bay, Labrador. 

The system consists of a phased array of 16 high-frequency antennas with a total transmitted 

power of the order of 6.4 kilowatts. The targets were free electrons in the ionosphere. “Good” 

radar returns are those showing evidence of some type of structure in the ionosphere. “Bad” 

returns are those that do not; their signals pass through the ionosphere. The dataset is 

contained in mlbench package R. 

e. PimaIndians Diabetes: This dataset is about the medical records of Pima Indians. The aim is 

to predict based on diagnostic measurements, whether a patient has diabetes or not. It is 

contained in R mlbench package. 

f. Sonar: This dataset contains many signals obtained from a variety of different aspect angles, 

spanning 90 degrees for mines and 180 degrees for rocks. Each pattern is a set of 60 numbers 

in the range 0.0 to 1.0, where each number represents the energy within a particular 

frequency band, integrated over a certain period of time. It is contained in R mlbench 

package. 

g. Abalone: The dataset is about predicting the age of abalone, which is determined by cutting 

the shell through the cone, staining it, and counting the number of rings through a 

microscope. Other measurements, which are easier to obtain, are used to predict the age. It is 

contained in AppliedPredictiveModeling package R. 

h. Ringnorm: This is a 20 dimensional, 2 class classification problem dataset. Each class is 

drawn from a multivariate normal distribution. Class 1 has mean zero and covariance 4 times 

the identity. Class 2 has mean (a,a,..a) and unit covariance. a = 2/sqrt(20). The source of the 

dataset is https://sci2s.ugr.es/keel/dataset.php?cod=106. 
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i. Bupa Dataset: This dataset analyses some liver disorders that might arise from excessive 

alcohol consumption (the first 5 variables), and the number of half-pint equivalents of 

alcoholic beverages drunk per day for each individual. The task is to select if a given 

individual suffers from alcoholism. The data source is 

https://sci2s.ugr.es/keel/dataset.php?cod=55. 

j. Twonorm: This is a 20 dimensional, 2 class classification problem dataset. Each class is 

drawn from a multivariate normal distribution. Class 1 has mean (a,a,..a) while Class 2 has 

mean (-a,-a,..-a).. a = 2/sqrt(20). The source is https://sci2s.ugr.es/keel/dataset.php? cod=110. 

 

4. RESULT 

Table 1 consists of the classification accuracies using RDA and SVM on sundry binary 

classification datasets. It appears that the classifiers’ behaviours are quite similar except in the 

case of heart.data and bupa dataset. Regarding heart.data, RDA exhibited marginal dominance 

over SVM, whereas SVM appears to have performed better on bupa dataset. In general, 

differences in the classification accuracies appear rather subtle, hence a nonparametric paired 

Wilcoxon-test1shall be used to determine if the performances of the classifiers are statistically 

the same or otherwise. The choice of a Wilcoxon-test is predicated on the fact that datasets 

used in the study are arguably small statistically. Hence, a preference for a parametric 

alternative test is not appropriate in this case. 

Thus far, the application of Wilcoxon rank test shows that at a p-value of 0.7223, the null 

hypothesis that there is no significant difference in the performances of RDA and SVM 

cannotbe rejected. It therefore follows that given the datasets, any of the classifiers is a 

suitable choice for a classification problem 

 

Table 1: Accuracy rates in respect of RDA and SVM on different binary datasets. 

 

. 

                                                           
 

 

 

 

  Accuracy Rate (%) 

S/No. Name of Dataset RDA SVM 

1 Banknote Authentication Dataset 98.79 99.03 

2 Haberman’s Survival Dataset 71.74 71.74 

3 Heart.data 67.63 56.83 

4 Ionosphere 91.43 94.29 

5 PimaIndians Diabetes 73.04 71.3 

6 Sonar 79.03 80.65 

7 abalone 51.64 54.91 

8 Ringnorm Dataset 97.66 96.71 

9 Bupa Dataset 56.73 62.5 

10 Twonorm Dataset 97.97 96.58 
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5. CONCLUSIONS 

Several studies, particularly the one carried out by (Obi, 2017) concluded that the SVM 

performs relatively better than Fishers Discriminant Analysis. In this study, however, we have 

seen that RDA which is based partly on the principle of FDA is no less a classifier than SVM. 

For this reason, it is the view of the author that RDA can be presented as a preferred 

alternative to FDA particularly in instances where the number of variables p, is at least equal 

to the number of training instances n. 
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